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Abstract Filtering states on orthomodular lattices have been introduced by G.T. Rüttimann
as an “opposite” of completely additive states. He proved that they form a face of the state
space. The question which faces can be the sets of filtering states remained open. Here we
prove that, for any semi-exposed face F of a compact convex set C, there is an orthomodular
lattice L and an affine homeomorphism ϕ of C onto the state space of L such that ϕ(F ) is
the space of filtering states.
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1 Introduction

It has been proved in [16] that any compact convex set can be the state space of an ortho-
modular lattice. The characterization of the space of σ -additive states has been proved in
one direction in [5, 13] and completed by a necessary and sufficient condition in [11]. These
spaces were found to be exactly s-semi-exposed faces of compact convex sets, i.e., faces
which can be expressed as intersections of level sets of some linear functionals.

Inspired by [17], decompositions of states related to complete additivity were studied
in [2, 3, 14, 15]. The basic aim was to express any state as a convex combination of a com-
pletely additive state and a state which is far from completely additive. Here we concentrate
on filtering states (introduced in [15]). A state μ is filtering if each non-zero element of a
lattice dominates a non-zero element of the kernel of μ. A filtering state is weakly purely
finitely additive, i.e., it cannot be obtained as a non-trivial convex combination of a com-
pletely additive state and any other state. (See [3] for an overview of related notions.)

We contribute to the study of the convex structure of the spaces of filtering states. We
prove that they can be any semi-exposed faces of compact convex sets. Thus the spaces of
filtering states and spaces of σ -additive states have similar characterizations.
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2 States on Orthomodular Lattices

Here we summarize only some necessary definitions; for more details on orthomodular lat-
tices, we refer to [1, 4, 7, 12].

An orthomodular lattice (abbr. OML) is a lattice L with bounds 0,1 and with a unary
operation ¬: L → L (orthocomplementation) such that

a ≤ b =⇒ ¬b ≤ ¬a,

¬¬a = a,

a ∨ ¬a = 1,

a ≤ b =⇒ b = a ∨ (¬a ∧ b) (orthomodular law).

The symmetric relation a ≤ b′ on L is called orthogonality and denoted by a ⊥ b. For a ∈ L,
the interval [0, a]L = {x ∈ L | x ≤ a} constitutes, with the ordering and operations naturally
inherited from L, an OML (see [12]).

A measure on an OML L is an additive mapping μ : L → [0,∞), i.e.,

μ(a ∨ b) = μ(a) + μ(b) whenever a, b ∈ L, a ⊥ b.

If, moreover

μ

(∨
n∈N

an

)
=

∑
n∈N

μ(an)

for any pairwise orthogonal system (an)n∈N in L for which
∨

n∈N
an exists, then we call μ

a σ -additive measure. A state (= probability measure) on an OML L is a measure μ : L →
[0,1] such that μ(1) = 1. We denote by �(L), resp. �σ (L), the set of all states, resp. all
σ -additive states, on L. We consider the state spaces with the product topology. This way,
�(L) becomes a compact convex set [13, 14]. An element x of an OML L determines its
associated evaluation functional

e(x) : �(L) → [0,1], μ �→ μ(x).

An atom of a bounded lattice is an element a �= 0 which covers 0, i.e., ¬∃b : 0 < b < a.
A lattice L is called atomic if for each b ∈ L there is an atom a ∈ L such that a ≤ b.
If, moreover, each element of L can be expressed as a supremum of atoms, then L is called
atomistic. A lattice is called chain-finite if all its chains (= totally ordered subsets) are finite.
A chain-finite OML is atomistic. Here we shall mostly work with atomistic OMLs. We
denote by A(L) the set of all atoms of L. A subset M of a bounded lattice L is called
filtering if

∀b ∈ L \ {0} ∃a ∈ M \ {0} : a ≤ b.

E.g., the set of all atoms of L is filtering iff L is atomic.
Following G.T. Rüttimann [15], a state μ on an OML L is called filtering if its kernel,

μ−1(0), is a filtering set, i.e.,

∀b ∈ L \ {0} ∃a ∈ L \ {0} : a ≤ b, μ(a) = 0.
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In particular, a necessary condition of a state to be filtering is that it vanishes on all atoms.
For atomic OMLs, this condition is also sufficient. We denote by �f (L) the set of all filtering
states on L.

Filtering states play an important role in decompositions of states related to countable
and complete additivity, see [2, 3, 5, 14, 15]. These results are generalizations of the Yosida–
Hewitt decomposition in Boolean algebras, studied in [17].

3 Descriptions of State Spaces

The study of states on OMLs has been inspired by the following result by R. Greechie:

Lemma 1 [6] There is a finite OML G admitting no state.

Remark 1 The proof has been simplified by R. Mayet (personal communication). According
to [10], the Mayet’s example is optimal with respect to the technique used (although it is not
the only example of this size). See also [9] for an overview of related constructions.

Soon after this result by R. Greechie, a complete characterization of state spaces of OMLs
has been proved by F. Shultz:

Theorem 1 [16] The state space of an OML is a convex set, compact in the product topology.
Conversely, each compact convex subset of a locally convex Hausdorff topological linear
space is affinely homeomorphic to the state space of some chain-finite OML.

Questions follow how spaces of states with special properties can be described. Often
they are found to be faces of the state space.

Definition 1 Let C be a compact convex subset of a locally convex Hausdorff topologi-
cal linear space. A subset F of C is a face of C if all α,β, γ ∈ C, where γ is a convex
combination of α,β with nonzero coefficients, satisfy the equivalence

γ ∈ F ⇐⇒ α,β ∈ F.

As an example, for an OML L both �σ (L) and �f (L) are faces of �(L) [13, 15]. Ques-
tions arise which faces can be obtained this way. Answers require the following notions:

Definition 2 [11, 13] Let C be a compact convex set. A face F of C is said to be exposed if
there exists a continuous affine functional f : C → [0,1] such that F = f −1(1) ∩ C. A face
of C is said to be semi-exposed if it is an intersection of exposed faces. An s-semi-exposed
face is defined analogously, but the functionals are allowed to be weak∗ limits of isotone
sequences of continuous affine functionals (see [11] for details).

In [11], spaces of σ -additive states were characterized as s-semi-exposed faces of com-
pact convex subsets of locally convex Hausdorff topological spaces. Filtering states were in-
troduced by G.T. Rüttimann in [15], their role in decompositions was studied in [2] and [3],
but no characterization of the space of filtering states occurred. In the sequel, we partially
fill this gap.
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4 Preliminary Results on Filtering States

Here we prepare lemmas for the main result that a face which is semi-exposed can be the
space of filtering states of some OML. For atomic OMLs, this condition is also necessary:

Lemma 2 The space of filtering states of an atomic OML L is a semi-exposed face of the
state space.

Proof Due to atomicity, filtering states form the intersection of kernels of all evaluation
functionals associated to atoms and

�f (L) =
⋂

a∈A(L)

(e(a))−1(0) =
⋂

a∈A(L)

(e(a′))−1(1),

where (e(a′))−1(1) = {μ ∈ �(L) | μ(a′) = 1}, a ∈ A(L) are exposed faces. �

In the sequel, we shall refer to some constructions with OMLs, in particular the horizon-
tal sum (see [4, 7, 12]) and the substitution of an atom with an OML (see [8]).

Lemma 3 There is an OML H which admits exactly one state and this state is filtering.

Proof Let B be the Boolean algebra of all finite and cofinite subsets of a countable set,
say N. The OML H is obtained by the substitution of all atoms (= singletons) in B with
copies of the stateless OML G from Lemma 1. In detail, we take the infinite Cartesian
product

P =
∏
n∈N

G

and its subsets

H0 = {(a1, a2, . . .) ∈ P | {n ∈ N |an �= 0} is finite},
H1 = {(a1, a2, . . .) ∈ P | {n ∈ N |an �= 1} is finite}.

Notice that H1 = {a′ | a ∈ H0}. We take for H the subset H = H0 ∪H1, which is a subalgebra
of P , i.e., it is closed under the lattice operations and orthocomplementation of P . As such,
H becomes an OML when equipped with these operations inherited from P .

The OML H is atomistic; its atoms are of the form a = (a1, a2, . . .), where exactly one
of the entries an, n ∈ N, is an atom of G and all other entries are zero. Each element of H0

can be expressed as an orthogonal join of finitely many atoms of H .
Let ν be a state on H . Each atom a of H belongs to a (stateless) factor of P . This factor

is contained (as an interval) in H , thus ν vanishes at a, as well as on all finite orthogonal
joins of atoms, i.e., on the whole H0. The value of ν on each element of H1 must be 1. We
proved that H admits only one state. This state vanishes on all atoms. As H is atomistic, the
state is filtering. �

Corollary 1 For each r ∈ [0,∞), there is a unique measure μ on the OML H of Lemma 3
such that μ(1) = r .
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Lemma 4 Let M be an atomic OML, A ⊆ A(M). Then there is an atomic OML L and an
affine homeomorphism ψ : �(M) → �(L) such that

�f (L) = {ψ(μ) | μ ∈ �(M), A ⊆ μ−1(0)}.

Proof The OML L is obtained by the substitution of each atom a ∈ A(M)\A with a copy of
the OML H of Lemma 3. Thus the interval [0, a]M (isomorphic to the two-element Boolean
algebra) is replaced by an interval [0, a]L, isomorphic to H . (We identify the elements cor-
responding to a in M and L and extend this to the rest of M , considering M a subalgebra
of L.) As H and M are atomic, so is also L. Each atom of L is either an element of A or an
atom of a copy of H , included during the substitution.

According to Corollary 1, for each state μ ∈ �(L) the restriction μ� [0,a]L is a measure
on [0, a]L uniquely determined by the value μ(a). Thus each state μ ∈ �(L) is a unique
extension of a unique state on M , namely μ�M . We take for ψ the inverse of this restric-
tion mapping, ψ−1(μ) = μ�M . Obviously, ψ is one-to-one, continuous with respect to the
product topology, and it preserves affine combinations.

Due to atomicity, a state on L is filtering iff it vanishes on all atoms of L. Any state
vanishes on the atoms of copies of H , included during the substitution. Thus a necessary
and sufficient condition for μ ∈ �(L) to be filtering is

∀a ∈ A : μ(a) = 0. �

We shall need the following lemma due to F. Shultz:

Lemma 5 [16, Lemma 3] Let p1, . . . pn, q ∈ R. Let L be a chain-finite OML, x1, . . . xn ∈ L.
Then L can be embedded (as a subalgebra) into a chain-finite OML M such that a state
μ ∈ �(M) admits a (unique) extension to M iff

n∑
i=1

piμ(xi) + q = 0.

Remark 2 We shall also use the fact that according to the original proof of Lemma 5 atoms
of L are atoms of M .

5 Main Theorem

Now we are ready to prove the characterization of spaces of filtering states.

Theorem 2 Let C be a compact convex set and F a semi-exposed face of C. There is an
orthomodular lattice L and an affine homeomorphism ϕ : C → �(L) such that ϕ(F ) =
�f (L) (where �(L), resp. �f (L), denotes the set of all, resp. all filtering, states on L).

Proof First, let us solve the case when the face F is exposed. According to Theorem 1, there
is a chain-finite OML K and an affine homeomorphism χ : C → �(K). The face χ(F ) of
�(K) is of the form χ(F ) = f −1(1)∩�(K) for some continuous affine functional f which
maps �(K) into the unit interval [0,1] of reals. Weak continuity means that f is a finite
linear combination of evaluation functionals, i.e., of the form

f (μ) =
n∑

i=1

piμ(xi)
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for some p1, . . . pn ∈ R, x1, . . . xn ∈ K .
We take a 4-element Boolean algebra B = {0, a, a′,1} and construct the horizontal sum

K ⊕ B . Applying Lemma 5, we embed K ⊕ B into an OML M such that any state μ

on K ⊕ B admits a (unique) extension to M iff μ satisfies the equation

n∑
i=1

piμ(xi) + μ(a) − 1 = 0.

Each state μ on K has a unique extension to M , μ∗ ∈ �(M). It is determined on (K ⊕B)\K

by

μ∗(a) = 1 − f (μ) ∈ [0,1], μ∗(a′) = f (μ) ∈ [0,1],
and on M \ (K ⊕ B) by the uniqueness of the extension. The mapping

η : �(K) → �(M), μ �→ μ∗,

is an affine homeomorphism. The following four conditions are equivalent: (i) μ∗(a) = 0,
(ii) f (μ) = 1, (iii) μ ∈ χ(F ), (iv) μ∗ ∈ η(χ(F )).

It remains to apply Lemma 4 to OML M and the set A = {a} ⊆ A(M). We get an OML L

and an affine homeomorphism ψ : �(M) → �(L) such that ψ(η(χ(F ))) = �f (L). The
mapping ϕ = ψ ◦ η ◦ χ : C → �(L) is the required affine homeomorphism.

Second, let us consider a semi-exposed face F . It is an intersection of exposed faces Fα ,
α ∈ I . We proceed analogously to the first case. We find a chain-finite OML K and an affine
homeomorphism χ : C → �(K). For each α ∈ I , we take a 4-element Boolean algebra
Bα = {0, aα, a

′
α,1}, α ∈ I , and we construct the horizontal sum K ⊕ ⊕

α∈I Bα . (The sets
of atoms of K and Bα , α ∈ I , are disjoint.) Repeated application of Lemma 5 results in an
OML M such that each state μ on K has a unique extension to M , μ∗ ∈ �(M), determined
on (K ⊕ ⊕

α∈I Bα) \ K by

μ∗(aα) = 1 − fα(μ) ∈ [0,1], μ∗(a′
α) = fα(μ) ∈ [0,1],

for all α ∈ I . The following three conditions are equivalent: (i) ∀α ∈ I : μ∗(aα) = 0, (ii) ∀α ∈
I : fα(μ) = 1, (iii) μ ∈ χ(F ). We apply Lemma 4 to OML M and the set A = {aα | α ∈ I } ⊆
A(M). �

The state spaces of finite OMLs are polytopes. All their faces are exposed. Then Theo-
rem 2 reduces to a simpler form:

Corollary 2 Let C be a polytope and F a face of C. There is an orthomodular lattice L

and an affine homeomorphism ϕ : C → �(L) such that ϕ(F ) = �f (L).
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